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Abstract 



The Lagrangian formulation of field theory does not provide any universal energy- 
momentum conservation law in order to analize that in gravitation theory. In La- 
grangian field theory we get different identities involving different stress energy- 
momentum tensors which however are not conserved, otherwise in the covariant 
multimomentum Hamiltonian formalism. In the framework of this formalism, we 
have the fundamental identity whose restriction to a constraint space can be treated 
the energy-momentum transformation law. This identity remains true also for grav- 
ity Thus, the tools are at hand to investigate the energy-momentum conservation 
laws in gravitation theory The key point consists in the feature of a metric gravi- 
tational field whose canonical momenta on the constraint space are equal to zero. 



1 Introduction 

In Hamiltonian mechanics, there is the conventional energy transformation law 



on solutions of the Hamilton equations, otherwise in field theory. 

The standard Hamiltonian formalism has been applied to field theory. In the straight- 
forward manner, it takes the form of the instantaneous Hamiltonian formalism when 
canonical variables are field functions at a given instant of time. The corresponding 
phase space is infinite-dimensional, so that the Hamilton equations in the bracket form 
are not the familiar differential equations, adequate to the Euler-Lagrange field equations. 

In Lagrangian field theory, we have no conventional energy-momentum transformation 
law. One gets different identities which involve different stress energy-momentum tensors, 
in particular, different canonical energy-momentum tensors. Moreover, one can not say a 
priori what is really concerved. 

We follow the generally accepted geometric description of classical fields by sections of 
fibred manifolds Y ^ X. Their dynamics is phrased in terms of jet spaces 0, |^, |10|, [13|, |15| . 
Given a fibred manifold F — X, the fc-order jet space J^Y of Y comprises the equivalence 



dH 
~dt 



on 

'dt 
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classes j^s, x G X, of sections s of y identified by the first {k + 1) terms of their Taylor 
series at a point x. It is a finite-dimensional smooth manifold. Recall that a /c-order 
differential operator on sections of a fibred manifold Y, by definition, is a morphism of 
J^Y to a vector bundle over X. As a consequence, the dynamics of field systems is played 
out on finite-dimensional configuration and phase spaces. 

In field theory, we can restrict ourselves to the first order Lagrangian formalism when 
the configuration space is J^Y. Given fibred coordinates {x^,y^) of F, the jet space J^Y 
is endowed with the adapted coordinates (x'", y*, j/^): 

A first order Lagrangian density on the configuration space J^Y is represented by a 
horizontal exterior density 

L = C{x'' , y\ yl^)LU , uj = dx^ A ... A dx"-, n = dimX. 

The corresponding first order Euler-Lagrange equations for sections s of the fibred jet 
manifold J^Y ^ X read 

dxs' = s{, 

diC - {dx + sid, + dxsld^)d^C = 0. (2) 

We consider the Lie derivatives of Lagrangian densities in order to obtain differential 
conservation laws. Let 

u = u^d^ + u^di 

be a vector field on a fibred manifold Y and u its jet lift ( ]T5| ) onto the fibred jet manifold 
J^Y X. Given a Lagrangian density L on J^Y , let us computer the Lie derivative 
L^jL. On solutions s of the first order Euler-Lagrange equations (^, we have the equality 

rL^L = -^MmW - u%) + u'C{s)]u;, vrf = d^C. (3) 
In particular, if m is a vertical vector field such that 

LuL = 0, 

the equality (^) takes the form of the current conservation law 

^ VTrf (I)] = 0. (4) 



dx-^ 



In gauge theory, this conservation law is exemplified by the Noether identities. 
Let 

r = T^d. 
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be a vector field on X and 

its horizontal lift onto the fibred manifold y by a connection F on Y . In this case, the 
equality takes the form 

rUrL = -^,[r^Tr\{:s)]^ (5) 

where 

Tv\{-s) = n^(t^ - r;) - (6) 

is the canonical energy-momentum tensor of a field s with respect to the connection F on 
Y. The tensor (|^) is the particular case of the stress energy-momentum tensors [jl], ^, ^. 
In particular, when the fibration F — > X is trivial, one can choose the trivial connection 
= 0. In this case, the temsor (P) is precisely the standard canonical energy-momentum 
tensor, and if 

LrC = 

for all vector fields r on X (e.g., X is the Minkowski space), the conservation law (|5|) 
comes to the well-known conservation law 

T\{s) = 



of the canonical energy-momentum tensor. 

In general, the Lie derivative L^^L fails to be equal to zero as a rule, and the equality 
d^) is not the conservation law of a canonical energy-momentum tensor. For instance, in 
gauge theory of gauge potentials and scalar matter fields in the presence of a background 
world metric g, we get the covariant conservation law 

Vxt\ = (7) 

of the metric energy-momentum tensor. 

In Einstein's General Relativity, the covariant conservation law issues directly from 
gravitational equations. But it is concerned only with zero-spin matter in the presence 
of the gravitational field generated by this matter itself. The total energy-momentum 
conservation law for matter and gravity is introduced by hand. It reads 

^ [(_^)A^(tAM + T/'^)]=0 (8) 



dxi" 



where the energy-momentum pseudotensor Tg'^'^ of a metric gravitational field is defined 
to satisfy the relation 
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on solutions of the Einstein equations. The conservation law (^) is rather satisfactory 
only in cases of asymptotic-flat gravitational fields and a background gravitational field. 
The energy-momentum conservation law in the afl&ne-metric gravitation theory and the 
gauge gravitation theory was not discussed widely 0. 

Thus, the Lagrangian formulation of field theory does not provide us with any univer- 
sal procedure in order to analize the energy-momentum conservation law in gravitation 
theory, otherwise the covariant multimomentum Hamiltonian formalism. In the framer- 
work of this formalism, we get the fundamental identity ( ^2]) whose restriction to the 
Lagrangian constraint space can be treated the energy-momentum transformation law in 
field theory |T0|, g. 



Lagrangian densities of field models are almost always degenerate and the correspond- 
ing Euler-Lagrange equations are underdetermined. To describe constraint field systems, 
the multimomentum Hamiltonian formalism can be utilized 0, |12[ . In the framework 
of this formalism, the finite-dimensional phase space of fields is the Legendre bundle 

U = AT*X(g)TX^V*Y (9) 

Y Y 

over Y into which the Legendre morphism L associated with a Lagrangian density L on 
J^Y takes its values. This phase space is provided with the fibred coordinates {x^, y\Pi) 
such that 

The Legendre bundle (P) carries the multisymplectic form 

n = dpf Ady' Auj^dx. (10) 

In case of X = R, this form recovers the standard symplectic form in analytical mechanics. 

Building on the multisymplectic form Q, one can develop the so-called multimomentum 
Hamiltonian formalism of field theory where canonical momenta correspond to derivatives 
of fields with respect to all world coordinates, not only the temporal one. On the math- 
ematical level, this is the multisymplectic generalization of the standard Hamiltonian 
formalism in analytical mechanics to fibred manifolds over an n-dimensional base X, not 
only R. We say that a connection 7 on the fibred Legendre manifold U ^ X is a Hamil- 
tonian connection if the form 7J Q is closed. Then, a Hamiltonian form if on H is defined 
to be an exterior form such that 

dH = -f\n (11) 
for some Hamiltonian connection 7. Every Hamiltonian form admits splitting 

H = pfdy' Aujx- P-riuj - Hruj = pfdy' Aux-Hu, ux = dx\ uj, (12) 

where F is a connection on Y —>■ X. Given the Hamiltonian form H (O), the equality 



( [Tl| ) comes to the Hamilton equations 

dxy\x) = din, dxpfix) = -d,n (13) 
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for sections of the fibred Legendre manifold U ^ X. 

The Hamilton equations (0) are the multimomentum generalization of the standard 
Hamilton equations in mechanics. The energy-momentum transformation law which 
we suggest is accordingly the multimomentum generalization of the conventional energy 
transformation law (0). Its application to the Hamiltonian gauge theory in the presence of 
a background world metric recovers the familiar metric energy-momentum transformation 
law(0) 0,0. 

The identity (0) remains true also in the gravitation theory. The tools are now at 
hand to examine the energy-momentum transformation for gravity. In this work, we 
restrict our consideration to the affine-metric gravitation theory. The key point consists 
in the feature of a metric gravitational field whose canonical momenta on the constraint 
space are equal to zero [111]. 



2 Technical preliminary 

A fibred manifold 

n:Y ^ X 

is provided with fibred coordinates {x^,y^) where x'*' are coordinates of the base X. A 
locally trivial fibred manifold is termed the bundle. We denote by VY and V*Y the 
vertical tangent bundle and the vertical cotangent bundle of Y respectively. For the 
sake of simplicity, the puUbacks Y x TX and Y x T*X are denoted by TX and T*X 

X X 

respectively. 

On fibred manifolds, we consider the following types of differential forms: 

r 

(i) exterior horizontal forms Y AT*X, 

r 

(ii) tangent-valued horizontal forms Y ^ A T*X ® TY and, in particular, soldering 
forms Y T*X (g) VY, 

Y 

(iii) puUback-valued forms 

Y ^ }\T*Y®TX, Y ^ AT*Y®T*X. 

Y Y 

Horizontal ra-forms are called horizontal densities. 

Given a fibred manifold F — > X, the first order jet manifold J^Y oi Y is both the 
fibred manifold J^Y ^ X and the affine bundle J^Y Y modelled on the vector bundle 
T*X ®y VY. 

We identify J^Y to its image under the canonical bundle monomorphism 

A : J^Y^T*X(g)TY, 

Y Y 

\ = dx^®idx + y\d,). (14) 



5 



Given a fibred morphism of $ : F — F' over a diffeomorpliism of X, its jet prolongation 
ji<|, : jiy ^ jiy reads 

Every vector field 

u = u^dx + u^'di 

on a fibred manifold Y X gives rise to the projectable vector field 



U = U 



dx + u'd, + {dxu' + yid.u' - yldxu^)dt, (15) 



on the fibred jet manifold J^Y — > X where J^TY is the jet manifold of the fibred manifold 
TY X. 

The canonical morphism ([14D gives rise to the bundle monomorphism 

X:j'YxTX3dx^dx = dx\ X e J'Y x TY, dx = dx + y\d,. 

X Y 

This morphism determines the canonical horizontal splitting of the pullback 

J^Y xTY = X(TX) © VY, (16) 

Y J^Y 

x^dx + fd, = x\dx + y\di) + {y' - x''y\)d,. 

In other words, over J^Y , we have the canonical horizontal splitting of the tangent bundle 
TY. 

Building on the canonical splitting ([T6|), one gets the corresponding horizontal split- 
tings of a projectable vector field 

u = u'^dx + u'di = uh + uv = u\dx + y\di) + {u' - u^y\)d, (17) 

on a fibred manifold Y X. 

Given a fibred manifold Y X, there is the 1:1 correspondence between the connec- 
tions on y ^ X and global sections 

T = dx^® {dx + T\di) 

of the affine jet bundle J^Y Y . Substitution of such a global section F into the 
canonical horizontal splitting (^) recovers the familiar horizontal splitting of the tangent 
bundle TY with respect to the connection F on Y . These global sections form the afiine 
space modelled on the linear space of soldering forms on Y . 

Every connection F on y ^ X yields the first order differential operator 

Dr : J^Y T*X O VY, 

Y Y 

Dr = {y\ - T\)dx^ ® d„ 
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on Y which is called the covariant differential relative to the connection T. 

The repeated jet manifold J^J^Y, by definition, is the first order jet manifold of 
J^Y — > X. It is provided with the adapted coordinates (x^, y\ y\, yl^yVx^- Its subbundle 

.PY with y'^ys^ = y\ is called the sesquiholonomic jet manifold. The second order jet 

manifold J^Y of Y is the subbundle of J^Y with y\^ = y^^^ 

3 Lagrangian formalism 

Let y — s> X be a fibred manifold and L = Cu a Lagrangian density on J^Y. With L, the 
jet manifold J^Y carries the uniqie associated Poincare-Cartan form 

El = TT^dy' Aux- n^y{u; + Cu (18) 

and the Lagrangian multisymplectic form 

Ql = {djTT^dy^ + d^TT^dyl) Ady' Auo® dx. 

Using the puUback of these forms onto the repeated jet manifold J^J^Y, one can construct 
the exterior form 

Al = dEL -X\nL= Ivix) - yi)dn^ + {di - dxd^)Cdy'] A (19) 

\ = dx^® dx, dx = dx + y\x)d, + ylxdl 

on J^J^Y. Its restriction to the second order jet manifold J^Y of Y reproduces the 
familiar variational Euler-Lagrange operator 

Sl = [d. - {dx + y\d, + y;,dt)dt]Cdy' A oo. (20) 

The restriction of the form (^) to the sesquiholonomic jet manifold J^Y defines the 
sesquiholonomic extension S'j^ of the Euler-Lagrange operator (|20|) . It is given by the 
expression (0), but with nonsymmetric coordinates y'^^^- 

Let s be a section of the fibred jet manifold J^Y X such that its first order jet 
prolongation J^s takes its values into Kerf"^. Then, s satisfies the first order differential 
Euler-Lagrange equations (|). They are equivalent to the second order Euler-Lagrange 
equations 

d,C - {dx + dxs'd, + dxd^s^d^)dlC = 0. (21) 

for sections s of F where s = J^s. 

We have the following conservation laws on solutions of the first order Euler-Lagrange 
equations. 

Let 

u = u^df, + u'di 



7 



be a vector field on a fibred manifold Y and u its jet lift ([T5|) onto the fibred jet manifold 
J^Y — > X. Given a Lagrangian density L on J^F, let us compute the Lie derivative h^L. 
We have 

UL = [dxin^iu' - u%) + u'^C) + {u' - - dy.dl)C]u, (22) 

On solutions s of the first order Euler-Lagrange equations, the equality (|22|) comes to the 
conservation law (^. 
In particular, let 

n = rr = r'^(9^ + r;9,) 
be the horizontal lift of a vector field 

r = T^dx 

on X onto the fibred manifold y by a connection T onY . In this case, the equality (0) 
takes the form (|^) where Tr^^(s) are coefficients of the T*X- valued form 

Tr{s) = -(rjH^) o s = - T^) - 6'^C]dx^ ® (23) 

on X. One can think on this form as being the canonical energy-momentum tensor of a 
field s with respect to the connection TonY. 

4 Multimomentum Hamiltonian formalism 

Let n be the Legendre bundle (^ over a fibred manifold Y X. It is provided with the 
fibred coordinates {x^,y\p^): 

By J^n is meant the first order jet manifold of 11 ^ X. It is coordinatized by 

{x\y\plyl),pl). 

We call by a momentum morphism any bundle morphism $ : 11 — s> J^F over Y. For 
instance, let F be a connection on Y. Then, the composition F = F o vrny is a momentum 
morphism. Conversely, every momentum morphism $ determines the associated connec- 
tion F<i, = $ o On on y ^ X where On is the global zero section of 11 — > F. Every 
connection F on F gives rise to the connection 

f = dx^0 [d, + T\{y)d, + {-d,T\{y)pf - K^a(x)p; + K\,{x)p^)d^^] (24) 

on n — > X where is a linear symmetric connection on T*X. 
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The Legendre manifold 11 carries the multimomentum Liouville form 



and the muhisymplectic form Q (p!OD. 

The Hamiltonian formahsm in fibred manifolds is formulated intrinsically in terms of 
Hamiltonian connections which play the role similar to that of Hamiltonian vector fields 
in the symplectic geometry. 

We say that a connection 7 on the fibred Legendre manifold 11 — X is a Hamiltonian 
connection if the exterior form 7]^ is closed. An exterior n-form H on the Legendre 
manifold H is called a Hamiltonian form if there exists a Hamiltonian connection satisfying 
the equation (|Tl|). ^ ^ 

Let if be a Hamiltonian form. For any exterior horizontal density H = Tiuj on H ^ X, 
the form H — H is a Hamiltonian form. Conversely, if H and H' are Hamiltonian forms, 
their difference H — H' is an exterior horizontal density on H — X. Thus, Hamiltonian 
forms constitute an affine space modelled on a linear space of the exterior horizontal 
densities on H ^ X. 

Let r be a connection on F — > X and F its lift onto H — > X. We have the equality 



T\n = d(T\9). 

A glance at this equality shows that F is a Hamiltonian connection and 

is a Hamiltonian form. It follows that every Hamiltonian form on H can be given by the 
expression (|T2|) where F is some connection on y — > X. Moreover, a Hamiltonian form 
has the canonical splitting (12) as follows. Given a Hamiltonian form H, the vertical 
tangent morphism VH yields the momentum morphism 

H:U^J'Y, y\oH = d\n, 

and the associated connection = HoO onY. As a consequence, we have the canonical 
splitting ^ 

H = Hyjj — H. 

The Hamilton operator £h for a Hamiltonian form H is defined to be the first order 
differential operator 

8H = dH-tl= [(yi,) - d\H)dp': - {pI + d{H)dy^] A cu, (25) 

where VL is the pullback of the multisymplectic form Vt onto J^H. 
For any connection 7 on H — > X, we have 

Sh o 'J = dH — 7J Vt. 
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It follows that 7 is a Hamiltonian jet field for a Hamiltonian form H if and only if it takes 
its values into Ker Sh, that is, satisfies the algebraic Hamilton equations 



7l = ik = ~d,n. (26) 

Let a Hamiltonian connection 7 has an integral section r of H — X, that is, 7or = J^r. 
Then, the Hamilton equations (|2B|) are brought into the first order differential Hamilton 



equations (|T3]). 

Now we consider relations between Lagrangian and Hamiltonian formalisms on fibred 
manifolds in case of semiregular Lagrangian densities L when the preimage L~^{q) of each 
point of g G Q is the connected submanifold of J^Y. 

Given a Lagrangian density L, the vertical tangent morphism VL of L yields the 
Legendre morphism 



L:J^Y^ H, o L 



7^1 



We say that a Hamiltonian form H is associated with a Lagrangian density L ii H 
satisfies the relations 

LoH\Q=ldQ, Q = L{J^Y), (27a) 
H = H- + LoH, (27b) 

or in the coordinate form 

dtC{x\y^,din)=pf, pfeQ, 

c{x\y\d^,H)=p'id;n-n. 

Notete that different Hamiltonian forms can be associated with the same Lagrangian 
density. 

Let a section r of H — X be a solution of the Hamilton equations (0) for a Ha- 
miltonian form H associated with a semiregular Lagrangian density L. If r lives on the 
constraint space Q, the section s = H o r of J^Y —>■ X satisfies the first order Euler- 
Lagrange equations (|]). Conversely, given a semiregular Lagrangian density L, let s be 
a solution of the first order Euler-Lagrange equations (^. Let if be a Hamiltonian form 
associated with L so that 

HoLos = s. (28) 



Then, the section r = LosofH— >Xisa solution of the Hamilton equations (|13|) for H. 
For sections s and r, we have the relations 



s = J^s, 



TTny or 



where s is a solution of the second order Euler-Lagrange equations (pT|). 

We shall say that a family of Hamiltonian forms H associated with a semiregular 
Lagrangian density L is complete if, for each solution s of the first order Euler-Lagrange 
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equations there exists a solution r of the Hamilton equations ([T3|) for some Hamilto- 
nian form H from this family so that 

r = Los, s = H o r, s = (vrny o r) . (29) 

Such a complete family exists iff, for each solution s of the Euler-Lagrange equations for 
L, there exists a Hamiltonian form H from this family so that the condition (^) holds. 

The most of field models possesses affine and quadratic Lagrangian densities. Com- 
plete families of Hamiltonian forms associated with such Lagrangian densities always exist 
0,0- 



5 Energy- momentum conservation laws 

In the framerwork of the multimomentum Hamiltonian formalism, we get the fundamental 
identity whose restriction to the Lagrangian constraint space recovers the familiar energy- 



momentum conservation law 10, 14 



Let H he a Hamiltonian form on the Legendre bundle H @ over a fibred manifold 
Y X. Let r be a section of of the fibred Legendre manifold H — X and {y^{x),pf{x)) its 
local components. Given a connection F on F — > X, we consider the following T*X-valued 
(n — l)-form on X: 

Tr{r) = -{r\H)or, 

Trir) = (y; - r;) - - K) - nr)]dx^ ® u,, (30) 

where Tir is the Hamiltonian density in the splitting (O) of H with respect to the con- 
nection F. 
Let 

r = r^d, 

be a vector field on X. Given a connection F on F — > X, it gives rise to the vector field 

fr = r^d^ + T^r\d, + {-T^ppiT^^ - pfd^T^ + Ptdy)d\ 

on the Legendre bundle H. Let us calculate the Lie derivative L-^ifp on a section r. We 
have 

(L~ :^r) o r = p'^R^^ + d[T^Tr\{r)^>] - {tvv\Sh) o r (31) 

where 

R = ^R^^dx^ A dxf" ® 9, = 

^{OxV^ - d,T\ + T{d,r^ - T^^d,T\)dx^ A dx^ ® 9.; 
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is the curvature of the connection F, £h is the Hamilton operator ( ]25|) and 



is the vertical part of the canonical horizontal splitting ( p!?]) of the vector field fp on 11 
over J^n. If r is a solution of the Hamilton equations, the equality ([31| ) comes to the 
identity 

{d, + r;9. - dj:^^p]d\)nr = ^^r\(r) + (32) 

On solutions of the Hamilton equations, the form ([30|) reads 



Tr(r) = [p^mr - S'Mdl^Hr - nr)]dx^ ® ux. (33) 



One can verify that the identity ( p2D does not depend upon choice of the connection V. 
For instance, if X = R and F is the trivial connection, then 

TAr) = Hdt 



where 7i is a Hamiltonian function and the identity (32) consists with the familiar energy 
transformation law (|l|). 

To clarify the physical meaning of (^) when n > 1, we turn to the Lagrangian 
formalism. Let a multimomentum Hamiltonian form H be associated with a semiregular 
Lagrangian density L. Let r be a solution of the Hamilton equations for H which lives 
on the Lagrangian constraint space Q and s the associated solution of the first order 
Euler-Lagrange equations for L so that r and s satisfy the conditions (pQ]). Then, we have 

Tr(r)=Tr(s) 



where Tr(s) is the Lagrangian canonical energy- momentum tensor (|23D . It follows that 
the form (|33|) may be treated as a Hamiltonian canonical energy-momentum tensor with 
respect to a background connection F on the fibred manifold Y X (or a Hamiltonian 
stress energy-momentum tensor). At the same time, the identity (^) in gauge theory 
turns out to be precisely the covariant energy-momentum conservation law for the metric 
energy-momentum tensor, not the canonical one |n . 



In the Lagrangian formalism, the metric energy-momentum tensor is defined to be 

dC 



dg 



0/3 ■ 



In case of a background world metric g, this object is well-behaved. In the framework of 
the multimomentum Hamiltonian formalism, one can introduce the similar tensor 

^gtn-' = 2^. (34) 



12 



Recall the useful relation 

d __ d_ 

If a multimomentum Hamiltonian form H is associated with a semiregular Lagrangian 
density L, we have the equalities 

where q & Q, z E J^Y and 

HoL{z) = z. 

In view of these equalities, we can think of the tensor (0) restricted to the Lagrangian 
constraint space Q as being the Hamiltonian metric energy-momentum tensor. On Q, 
the tensor (|3^ does not depend upon choice of a Hamiltonian form H associated with L. 
Therefore, we shall denote it by the common symbol t. Set 

.At. 



In the presence of a background world metric g, the identity ( pz]) takes the form 

d 
dx^ 



t\{\,}V^ + (r;9, - d.r^ppDHr = -^Tr\ + pfir,^ (35) 



where 

and by {"a^(} are meant the Cristoffel symbols of the world metric g. 

When applied to the Hamiltonian gauge theory in the presence of a background world 
metric, the identity (^3]) recovers the familiar metric energy-momentum transformation 
law(0) 0,0. 



6 Energy- momentum conservation laws 
in affine-metric gravitation theory 

The contemporary concept of gravitation interaction is based on the gauge gravitation 
theory with two types of gravitational fields. These are tetrad garvitational fields and 
Lorentz gauge potentials. At present, all Lagrangian densities of classical and quantum 
gravitation theories are expressed in these variables. They are of the first order with 
respect to these fields. Only General Relativity without fermion matter sources utilizes 
traditionally the Hilbert-Einstein Lagrangian density Lhe which is of the second order 
with respect to a pseudo-Riemannian metric. One can reduce its order by means of the 
Palatini variables when the Levi-Civita connection is regarded on the same footing as a 
pseudo-Riemannian metric. 
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Here we consider the affine-metric gravitation theory when there is no fermion matter 
and gravitational variables are both a pseudo-Riemannian metric g ona world manifold 
and linear connections K on the tangent bundle of X^. We call them a world metric and 
a world connection respectively. Given a world metric, every world connection meets the 
well-known decomposition in the Cristoffel symbols, contorsion and the nonmetricity term. 
We here are not concerned with the matter interecting with a general linear connection, 
for it is non-Lagrangian and hypothetical as a rule. 

In the rest of the article, X is an oriented 4-dimensional world manifold which obeys 
the well-known topological conditions in order that a gravitational field exists on X'^. 

Let LX X'^ be the principal bundle of linear frames in the tangent spaces to X^. 
The structure group of LX is the group 

GL4 = GL+(4,R) 

of general linear transfromations of the standard fibre of the tangent bundle TX. The 
world connections are associated with the principal connections on the principal bundle 
LX X^. Hence, there is the 1:1 correspondence between the world connections and 
the global sections of the principal connection bundle 

C = J^LX/GL^. (36) 

Therefore, we can apply the standard procedure of the Hamiltonian gauge theory in order 
to describe the configuration and phase spaces of world connections [|n|, [1^, [13[. 

There is the 1:1 correspondence between the world metrics g on X'^ and the global 
sections of the bundle Eg of pseudo-Riemannian bilinear forms in tangent spaces to X^. 
This bundle is associated with the GL4-principal bundle LX. The 2-fold covering of the 
bundle is the quotient bundle 

S = LX/S0{3, 1) (37) 

where by S0{3, 1) is meant the connected Lorentz group. 

Thus, the total configuration space of the affine-metric gravitational variables is rep- 
resented by the product of the corresponding jet manifolds: 

J^C X J^S. (38) 

Given a holonomic bundle atlas of LX associated with induced coordinates of TX and 
T*X, this configuration space is provided with the adapted coordinates 

(x^^"^fcv,rt,fcVA)• 

Also the total phase space H of the affine-metric gravity is the product of the Leg- 
endre bundles over the above-mentioned bundles C and S. It is coordinatized by the 
corresponding canonical coordinates 

{■I , g , fi. pf^, Pal3 ^ Pa )■ 
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On the configuration space (pSD, the Hilbert-Einstein Lagrangian density of General 
Relativity reads 

Lhe = -^g^'^J^'paxV^goo, (39) 



2k 

The corresponding Legendre morphism is given by the expressions 

Pap^ o Lhe = 0, 

pj-"' o Lhe = vr/^" = ^{6^ - SynV^. (40) 

These relations define the constraint space of General Relativity in multimomentum 
canonical variables. 

Building on the set of connections on the bundle C x E, one can construct the complete 
family of multimomentum Hamiltonian forms associated with the Lagrangian density (pOf). 
To minimize it, we consider the following subset of these connections. 

Let K he a. world connection and 

px 



K'^exk'pu - K'^euk'px] 



the corresponding connection on the bundle C (pGf) . Let K' be another symmetric world 
connection which induces an associated connection on the bundle S. On the bundle C x S, 
we consider the following connection 

J- A = --f< sxg - -ti exg , 

r"/3i/A = Sk^'iSuX — -R"l3uX (41) 

where 

R"(3uX = K'^ISvX - K'^fiXv + K'^exK'^Pv - K'^evK^fiX 

is the curvature of the connection K. The corresponding multimomentum Hamiltonian 
form is given by the expression 



Hhe = iPap'dg'^f' + pj'^dk^,) Aux- Hhe^o, 



Hhe = -PaAK'\xg'^ + K'" .^g^ + pJ^'S" 



-^i?VA(p/^'-vr/^')- (42) 

It is associated with the Lagrangian density Lhe- We shall justify that the multimo- 
mentum Hamiltonian forms (^2|) parameterized by all the world connections K and K' 
constitute the complete family. 
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Given the multimomentum Hamiltonian form Hhe ( P4 ) plus that Hm of matter, the 
corresponding covariant Hamilton equations for General Relativity read 



e/3 



0, 



dxk 



X 



fSuX 



l3uX, 



Pel3 K aa ~\~ Pea K 



on 



M 



07 



-p,-^'A"(,,) 



(43a) 
(43b) 

(43c) 
(43d) 



The Hamilton equations ([43a|) and ([43b| ) are independent of canonical momenta and so, 
reduce to the gauge-type condition. The gauge-type condition ( [43 b| ) breaks into two parts 



J' pXv 



l3iyX, 



I3X - 

-2K' 



/3A, 



+ 9A(irv-fcV) 



(uX) 



I3e 



k%,) + K'pxk^u + K'^puk'^ex 



euk'^lBX 



0. 



(44) 



(45) 



It is readily observed that, for a given world metric g and a world connection k, there 
always exist the world connections K' and K such that the gauge- type conditions ([43a] ), 
( |1^ ) and ( ^5[ ) hold (e.g. K' is the Levi-Civita connection of g and K = k). It follows that 
the multimomentum Hamiltonian forms (^) consitute really the complete family. 

Being restricted to the constraint space (^Op, the Hamilton equations 
comes to 



and 



M 



1 1 dn 

-{Rap--gapRW-9 = -^ 



where 

Substituting Eq.( 



DaiV^g^n - 5'^DxiV^g'') + V^ig^'ik^x - k\^) 
+9^\k\^ - k\x) + 5:^7'^(fcV - k\^)] = 

Dx9^^ = dxg'^^ + k\x9''^ + fc^A^?"^ 
into Eq.(^), we obtain the Einstein equations 



(46) 
(47) 



1^ 

—-^ a/3 



1 T 

^9af3J- 



a/3 



(4J 



where ta/s is the metric energy- momentum tensor of matter. It is easy to see that Eqs. ( 
and (^Hj) are the familiar equations of gravitation theory phrased in terms of the general- 
ized Palatini variables. In particular, the former is the equation for the torsion and the 
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nonmetricity term of the connection k'^i3,y. In the absence of matter sources of a general 
hnear connection, it admits the well-known solution 

k"pu = {V} - \^uVf3, 

where is an arbitrary covector field corresponding to the well-known projective freedom. 
Turn now to the identity (|32D. It takes the form 



T\ = ^IUhe = -6l7^.^^^R%.e = TT^iPV^. (50) 



{d^ + T'^^dap + r;9, - diTlpp{)(nHE + Hm) = 

^,{T\ + Tm\) + Vc.^''^R%ux, + V-K (49) 

where T and Tm are the canonical energy-momentum tensors of affine-metric gravity and 
matter respectively. 

The energy-momentum tensor ( P5| ) of affine-metric gravity on solutions of the Hamilton 
equations reads 

It follows that ^ 

One can verify also that, on solutions of the Hamilton equations, the curvature of the 
connection (|4T| ) vanishes. Then, the identity (|49| ) takes the form (|35|). In gauge theory, 
it is reduced to the familiar conservation law (|^). This is however a very particular case 
because the Hilbert-Einstein Hamiltonian density TinE is independent of gravitational 
momenta. 

Since the canonical momenta Pap^ of the world metric are equal to zero and the 
Hamilton equation ( [43c|) comes to 

dapO^HE + ^m) = 0, 

the equality ( ^9]) can be rewritten 

In gauge theory, it takes the form 

nJ''%R''puX - P^R^,, = ^(T\ + Tm\). (52) 

It is the form of the energy-momentum transformation law which we observe also in the 
case of the quadratic Lagrangian densities of affine-metric gravity. 
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As a test case, let us consider the sum 



1 1 

r,P^T°^ J_ r, nf^'^ n'^t^ r,^'^ T'^ T"l ^ 



-guj 



(53) 



of the Hilbert-Einstein Lagrangian density and the Yang-Mills one. The corresponding 
Legendre morphism reads 



Po^p^ oL = 0, 

o L = 0, 

o L = vr/^" + -9ay''9''''9^':Fl 



(54a) 
(54b) 

(54c) 



To construct the complete family of multimomentum Hamiltonian forms associated 
with the Lagrangian density (p3D, we consider the following connection 



pa 



K'^xg' 



(55) 



on the bundle C x S where we utilize the notations of the expression (0). Then the 
multimomentum Hamiltonian forms 



H 

n 



-Paf3 [J^ eX9 + eX9 



+ ^9'''9f^.9u,9XeipJ^''^ 



are associated with the Lagrangian density ^ ) 
The corresponding Hamilton equations read 



''^^)(p-^"[^"l -vr/^^) (56) 
and constitute the complete family. 



re, 



A^'^ + K'^eX9''' = 0, 

dxk'^pu = S^'fs.x + eg'^^gp^g.^gxeip^''^^'^ 



IT, 



-P 



ay 

J'''K\,^) -p^^'^-'^K^^+p/^'^^K 



a-y- 



(57a) 
(57b) 

(57c) 
(57d) 



The equation ( |57b| ) breaks into the equation ( p4c| ) and the equation (|i5|). It is readily 
observed that, for a given world metric g and a world connection k, there always exist the 



world connections K' and K such that the gauge-type conditions ( [57a| ) and (^) hold (e.g. 
K' is the Levi-Civita connection of g and K = k). It follows that the multimomentum 
Hamiltonian forms ( pB] ) consitute really the complete family. 

Substituting Eq. ( |57b|) into Eq. (|57c|) on the constraint space ( |54a|) , we get the Einstein 
equations. On the constraint space ( [54 b| ) - ( p4cD , the equation ( |57dD is the Yang-Mills 
generalization 

DxpJ"^ = dxpj"^ + Pa'^'^^k^^ - p/^'-^^k'^^ = 
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of the equation (^). 

Turn now to the energy-momentum conservation law. For the sake simphcity, let us 
consider the splitting of the multimomentum Hamiltonian form ([5^ ) with regard to the 
connection ( PD where the Hamiltonian density is 

We have the relation 

dnr _ p. 

on solutions of the Hamilton equations. The canonical energy-momentum tensor associ- 
ated with the Hamiltonian density Tir is written 



■<5£^ 



+ -g'^'g^Mrena'^'iPy''^''^ " VT/^^)) = 

D l3i^X rta I „ PuX rya rA/ r> BuX rta , ^ 

-Ka -K I3ufj. + T^a -K fSufi — — Ka -K /3,yA + — 

The identity (^2|) takes the form 



-{Tr\ + Tm\) + pJ'^R'^is.x^. + P-R\ 



On solutions of the Hamilton equations, we have 

{r;d, - d^T^p^dDHM - P"'^'^^"/^^/^ a^^r = ^(Tr\ + Tm\) + P.^i?^ 

where the term 

d d ~ 

'^"'^'^^'dhP — ^"''^"^ dp 'rS>' ^^ ^ l3^i{'^oP'^^R°''-/uX — T^-y°"^^R^ avX — k'^ (Pti)Pa'^'^^R"i"yX 

does not vanish. In case of gauge theory and gravity without non-metricity, we obtain 

- ^K\p^)R^''^'R\,x + j^K\fs^)R\ - pfR",^ = ^(Tr\ + Tm\). (58) 

Let us choose the local geodetic coordinate system at a point x E X. Relative to this 
coordinate system, the equality (^) at x comes to the conservation law 

(Tr\ + tM\) = 0. 



dx^ 
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